Abstract. We prove the Hyers-Ulam stability, on restricted domain, of a functional equation of Jensen type, introduced by T. Popoviciu (1965) .
The conviction that the well known problem of stability of functional equations (at the moment named the Hyers-Ulam stability) was started by a paper of D. H. Hyers [10] , solving a problem of S. Ulam, appears to be commonly accepted, though, the first known result of this kind is due to Gy. Pólya and G. Szegö [17, Teil I, Aufgabe 99] (cf. [8, p. 125] ). Generalizations and extensions of that problem have been proposed, e.g., in [1, 2, 3] ; next some of them have been rediscovered by Th. M. Rassias [18, 19] (see also [9] ), who has thus given a strong impulse for the further development of this field of research. For more details, discussions and surveys on the results obtained so far we refer to [5, 6, 11, 12, 13, 14] .
Usually the problem has been considered for functions with values in Banach spaces. However, originally it had been stated for functions with values in metric spaces. For instance, in [23] one can find the following problem: Given a group G 1 , a metric group G 2 with metric d and a positive number ε, find a positive number δ such that, for every f :
Motivated by this we prove some stability results for the Popoviciu functional equation (cf. [22] )
in a class of functions with values in a metric space. The equation has been introduced by T. Popoviciu [16] in connection with an inequality concerning convex functions (cf. [21] ). The solutions and stability of it has already been studied by W. Smajdor [20] and T. Trif [21, 22] . Our results correspond to [21, Theorems 3.1-3.3] and [22] and complete and generalize [20, Theorem 1] .
In the sequel we assume that (X, +) is a commutative semigroup with a neutral element 0 X , uniquely divisible by 2 and 3, (Y, +) is a commutative semigroup, d is a complete metric in Y satisfying the condition
K ⊂ X is nonempty, and χ :
is uniquely divisible by a positive integer k provided, for each x ∈ X, there is a unique y ∈ X with x = ky; such an element y we denote by [7] and the talk of P. Volkmann at the 42nd International Symposium on Functional Equations (Brno, The Czech Republic, 2004), as the main tool we use the subsequent theorem on stability of the functional equation Ψ • f • a = f (in single variable), which can be easily derived from [7] . (Given a function a, mapping a nonempty set D into D, in the sequel we write a 0 (x) = x for x ∈ D and a n = a • a n−1 for n ∈ N, where N stands for the set of positive integers).
and
Then, for every x ∈ K, the limit F (x) := lim n→∞ Ψ n • f • a n (x) exists and
This approach shows that it is quite natural to consider stability of (1) on a restricted domain (such approach has been already applied in [15, 4] ).
We start with the following simple observation.
Remark 1. Note that from condition (2), for every x, y ∈ Y , we get
and next, analogously, d(3x, 3y) ≤ 3d(x, y). Moreover, (2) implies
for every b n , c n , b, c ∈ Y , n ∈ N, which yields continuity of + and the equality lim n→∞ (b n + c n ) = lim n→∞ b n + lim n→∞ c n , provided the limits lim n→∞ b n and lim n→∞ c n exist.
Now we are in a position to prove the following three theorems corresponding to the results in [20, 21, 22] .
3 ⊂ K, and there is ξ ∈ [0, ∞) such that
Then there exists a unique
2 ) with
Proof. Taking x = y and z = 0 X in (6), for every x ∈ K with
and consequently, replacing x by 2x, in view of (2) and (3) we have
By Remark 1, d(3x, 3y) ≤ 3d(x, y) for x, y ∈ Y , whence, according to Theorem 1 with f = ψ, Ψ(z) =
Since one can easily show by induction that
in view of Remark 1, letting n → ∞ we obtain (1) on account of (5). Clearly, if (7) holds with some η ∈ [0,
For the proof of the uniqueness of F , suppose that F 0 : K → Y is also a solution of (1) with d(ψ(x), F 0 (x)) ≤ H(x) for every x ∈ K. Then, with x = y := 2u and z := 0 X , from (1) we derive that Ψ • F 0 • a(u) = F 0 (u) for each u ∈ K and consequently, by Theorem 1, F = F 0 .
The next result is somewhat complementary to Theorem 2. 
